This paper provides transcendental and algebraic framework for the classification of identities expressing and other logarithms of algebraic numbers as rapidly convergent generalized hypergeometric series in rational parameters. Algebraic and arithmetic relations between values of p؉1 F p hypergeometric functions and their values are analyzed. The existing identities are explained, and new exhaustive classes of new ones are presented.
Introduction
This paper is devoted to the exposition of the algebraic relations between generalized hypergeometric functions and algebraic functions and their logarithms. We strive to explain some of the newly found identities expressing (and not 1͞ as in ref. 1) as rapidly convergent generalized hypergeometric series in rational parameters, discovered by W. Gosper and others (2) . In our explanation, identities expressing logarithms of algebraic numbers (with the most notable examples of , ln 2, ln 3) in terms of generalized hypergeometric functions can be classified by using transcendental and algebraic means. On a simpler, transcendental level, the classification involves an easy problem of determination of all cases, when solutions of generalized hypergeometric equations are expressible in term of logarithms of algebraic functions only. This immediately leads to a finite set of irreducible cases described by extensions of finite reflection groups, and one to a multiparameter case. On a relatively complicated algebraic level, the classification provides the explicit algebraic equations on algebraic functions, whose logarithms are involved in the identities. Additionally, the algebraic formalism provides with arithmetic conditions that explicitly describe all allowed identities for logarithms of specific numbers. These last arithmetic conditions take the form of multiplicative relations among roots of algebraic equations; in the most interesting multiparameter case these algebraic equations are trinomials of arbitrary degrees.
We describe all of the formalisms above, including explicit algorithms of the classification problem and closed form expressions for low degree cases. We also list some of the most interesting identities for simpler logarithms (, ln 2, ln 3) in terms of generalized hypergeometric series with coefficients that are ratios of binomial coefficients. Among other things we show that though there is a finite classification of ''irreducible'' identities, each identity generates an infinite family of ''reducible'' series identities, whose convergence increases at the expense of the increased order of hypergeometric functions.
This paper deals primarily with extensions of Schwarz's list for 2 F 1 series and n F nϪ1 series that have coefficients as products of simple binomial functions of indices and are defined over integers. We postpone for another paper the explicit description of the remaining 20-plus cases of individual finite reflection groups that describe specific hypergeometric functions and involve algebraic numbers of higher degrees.
There are other classical and Gosper's identities that involve generalized hypergeometric functions depending on a free parameter expressing ratios of ⌫ functions of this parameter. Many of these identities also can be covered by formalisms presented in this paper, including the analysis of extensions of reducible generalized hypergeometric equations, and hypergeometric series with coefficients that are products of special ⌫ functions of indices.
At the end of the paper we list some of the more interesting (series of) identities for lower order hypergeometric functions, and we present an application that provides a measure of irrationality. More diophantine applications can be derived from the ''master formula'' (Eq. 11).
Hypergeometric Equations
We refer to ref. 3 
Here (a) N is the Pochhammer symbol: (a) 0 ϭ 1, (a) N ϭ a ⅐ ⅐ ⅐ (a ϩ N Ϫ 1). In addition to their importance as special functions, these generalized hypergeometric functions and their immediate multivariate generalizations are suspected to be able to describe all linear differential equations with ''arithmetic'' propertieshaving solutions that are G-functions in Siegel's sense (that is, having series expansions with algebraic coefficients with slowly growing denominators) see ref. 4 . Generalized hypergeometric equations are among few classes of linear differential equations that do not depend on accessory parameters, and the monodromy (Galois) group can be determined explicitly in terms of parameters a i , b j . New identities for values of logarithms of algebraic numbers, including , in term of generalized hypergeometric functions, can be classified, provided they are imbedded into a one-parameter family of functional identities, involving a logarithm and generalized hypergeometric functions. For such a functional identity to occur, the differential operator, annulling corresponding hypergeometric functions have to be reducible over a ring of differential operators with algebraic function coefficients. This condition of reducibility, expressed through the properties of the monodromy group of the generalized hypergeometric equations, allows one to classify all possible cases of functional identities expressing logarithms of algebraic functions through generalized hypergeometric functions. The most famous class is related to Schwarz's list of algebraic functions among Gauss' 2 F 1 hypergeometric functions.
In this paper we concentrate only on a subclass of hypergeometric identities that can be written by using binomial coefficients (that is, B factors, rather than more general ⌫ factors). These identities involve only hypergeometric sums of the form (mod 1) for all r, (r, q) ϭ 1. These conditions severely restrict algebraic cases under consideration. Two of the most interesting classes of examples in this series correspond to the dihedral D n and symmetric S n groups. From the point of view of diophantine approximations one would like to keep the order of the hypergeometric functions low and their rate of convergence high (i.e., M i should be negative).
We start with reducible equations arising from 2 F 1 functions. The first nontrivial case corresponds to a series
These functions, though 3 F 2 , satisfy inhomogeneous secondorder differential equations, and can be integrated in terms of the fundamental solution of the Gauss hypergeometric functions with parameters a ϭ a 1 
For the dihedral group case this means that we are dealing with representations of algebraic functions ( 
. Keeping in mind the requirement of binomial coefficient representation, we end up only with three possible cases of functions (Eq. 1):
In these cases explicit integration of the corresponding dihedral equations gives a closed form expression between two logarithms of algebraic functions and y(x). Differentiating these expressions one gets a set of two equations for y(x) and yЈ(x) involving these two logarithms. This allows us to express each logarithm as a linear combination of y(x) and yЈ(x). This provides two families of identities (typically for logarithms and arctan) as sums of rapidly convergent binomial series. The cases Eqs. 3 and 4 are new. The case Eq. 2 had been originally derived by Gosper (2) in 1990 in a very interesting form. According to our classification below, this is a ''reducible'' case, and with some tedious algebra one can recover its expression from classically known series for arcsin(x͞ 2), arcsinh(x͞2).
Let us start with the case Eq. 3. The relevant parametrization of x in terms of a new variable T is the following:
). This allows us to represent f i (T) : i ϭ 1, 2 as a linear combination of y(x), yЈ(x) over Q(x). Choosing rational values of x that correspond to important logarithms like or ln 2 one gets interesting families of identities (see below). Two identities corresponding to y(x) and yЈ(x) at x ϭ 2 27 are the most important, because they allow us to prove measures of diophantine approximations to . The fastest convergent identity we present in this series corresponds to x ϭ Ϫ 2 27 . In the case Eq. 4 we are looking at Schwarz' list entry (1͞2, 1͞2, 2͞3). The uniformization variable T allows us to express the corresponding y(x) as a linear combination of two logarithmic functions f 1 
This allows us to represent f i (T) : i ϭ 1, 2 as a linear combination of y(x), yЈ(x) over Q(x). Two of the most interesting values are x ϭ 2 7 and a very spectacular x ϭ 1 3888 (giving the fastest convergent hypergeometric series for ln 2). These identities are presented at the end of the paper.
All other Schwartz cases of the dihedral group give rise to the function y(x) in Eq. 1 whose coefficients cannot be represented as products of binomials.
For generalized hypergeometric equations of an arbitrary order, there is only one infinite sequence of equations having algebraic solutions only (with the monodromy group as a symmetric group S n ). Up to the obvious transformations, this sequence of functions is described completely by algebraic function solutions to trinomial algebraic equations, as covered below in the master formula. In addition there is a finite set of exceptional equations with finite reflection Galois groups, see ref. 5 . If, as before, we restrict ourselves only to hypergeometric series whose coefficients are products of factors of binomial coefficients, than, in addition to the cases mentioned above, there are 26 additional n F nϪ1 hypergeometric functions that have to be considered for n in 4 . . . 8, requiring cyclotomic extensions of Q. We return to explicit expressions for these exceptional cases in another publication.
Note that in the cases above, as everywhere else in this paper, one can exchange parameters a i and b j (this corresponds to expansion near ϱ rather than near 0). Very often this ''exchanged series'' is not desirable because the rate of convergence of corresponding ''exchanged'' series drops dramatically. 
Lagrange Inversion Formula and Logarithms of General Algebraic Functions
The original and still most efficient method to derive expansions of algebraic functions in terms of coefficients of equations they satisfy is the use of Lagrange's inversion formula. We use this formula to derive the explicit series representation for sums of logarithms (squares of logarithms) of all branches of an algebraic function defined by a sparse polynomial. In the case of a trinomial equation we get the master formula.
We use Lagrange's formula in Birkeland representation (7). In the most general case, we are looking at the root y of the equation
where f(y), f 0 (y), . . . , f n (y) are series convergent in the neighborhood of , and f() 0, f i () 0, i ϭ 0 . . . n. The expansion of y near x i ϭ 0 : i ϭ 0 . . . n has the following form
In Eq. 6 the range of summation is over all non-negative ␣ i : i ϭ 0 . . . n, excluding a point ␣ i ϭ 0 : i ϭ 0 . . . n. We use below the following abbreviations:
Lagrange's formula give the expression for the coefficients A ␣ 0 ,␣ 1 , . . . ,␣ n in either of the following two forms: 
In applications that we need, we actually sum over all roots of the corresponding initial (unperturbed) algebraic equation. The most interesting applications arise from considering powers y ␥ of solutions of the sparse algebraic equation
considered as the perturbation of the cyclotomic equation y n Ϫ 1 ϭ 0 at x i ϭ 0 : i ϭ 1 . . . m. Then from the Lagrange's formula above we get
Because a general solution of Eq. 7 is given by y( n1 x 1 , . . . , nm x m ) for n ϭ 1, starting from a given solution y(x 1 , . . . , x m ), we can sum y k ␥ over all solutions y k : k ϭ 1, . . . , m of Eq. 7. This expression is a very useful one (see below for the trinomial m ϭ 1 case), but we are interested primarily in its specialization as ␥ 3 0. In this case we get the following multivariant generalization of the master formula:
Here, as above, the summation excludes
In the case of our primary interest, the trinomial equation
the expression for the sum of y ␥ specializes to a relatively simple formula. We will assume the ''irreducible'' case of (n, s) ϭ 1, and denote by y k : k ϭ 1, . . . , n roots of Eq. 9 ordered in the way that y k 3 n k as T 3 0 for n k ϭ e 2ik͞n . Then we have the first simple formula:
Finally, specialization at ␥ 3 0 give the master formula that we use below:
[11]
Trinomial Equations and Logarithms of Their Roots
The most general case of the Galois group of the generalized hypergeometric equation with algebraic solutions only is that of a symmetric group. We find the explicit realization of the action of this group, and its extension, that provides generalized hyper- (7, 9) . In these papers (especially the latter), Birkeland looks also at the expansion of logarithms of solutions of trinomials, but at a rather dull domain T 3 ϱ. By the way, similar expansion of the logarithm can be found in Whittaker-Watson (6) where it is attributed to McClintock. Much more interesting range of expansion is T 3 0, that leads to rather surprising identities starting from Eq. 11. 4.1. Consequences of the Master Formula. From the master formula (Eq. 11), expressing sums of the ln 2 of all branches of trinomial algebraic functions, we can derive explicit expressions of individual ln of branches in terms of full system of contiguous generalized hypergeometric functions. This way we explicitly exhibit the reducibility of the corresponding generalized hypergeometric equations. This explicit representation is the key for the most generalized hypergeometric series representations of logarithms of algebraic numbers.
The primary hypergeometric function is f͑z͒ ϭ Let us denote
for l ϭ Ϫ2, Ϫ1, . . . , . We can rewrite Eq. 11 in these notations
Here, as above, x i are all roots of the trinomial equation
(as functions of T), with the normalization of x i ͉ Tϭ0 ϭ n Ϫi ϭ e
Ϫ2i͌Ϫ1͞n
, i ϭ 1, . . . , n. We are differentiating the main formula (Eq. 13) using the derivative T ϭ T ⅐ d͞dT. To establish the main rules of the chain differentiation in the algebraic function field K ϭ C(T, x i (T)) (or even Q(T, x i (T))), we notice that for r ϭ r(x, T), we have
The first application of T ⅐ d͞dT to Eq. 13 gives 
and the second application of T ⅐ d͞dT gives
etc. The general form of these equations is the following
The recursion formulas connecting A l , B l following from the differentiation rules (Eqs. 15 and 16): 
As before, we consider an irreducible case of (n, s) ϭ 1. The algebra is made easy by considering the algebraic extension Q(T, x) of Q(T) for the equation P(x) ϭ for P(x) ϭ x n Ϫ T ⅐ x Ϫ 1. The differentiation rules for elements of this extensions are very simple: first define xЈ ϭ dx͞dT ϭ x͞PЈ(x) mod P(x), and then apply the chain rule: dr͞dT ϭ (Ѩr͞Ѩx) ⅐ xЈ ϩ (Ѩr͞ѨT). To solve the system of equations on ln(x i n i ), we need a simple symbolic expression for the solution of the system of Vandermonde equations. One obtains it readily with the help of the Lagrange interpolation polynomial L(y, x), defined as
, we form matrices from the coefficients of A l (x), B l (x) and L(y, x) as follows:
, and B ϭ (B jk ) : j ϭ 1 . . . n, k ϭ 0, 2, . . . n Ϫ 1; for
. Because (n, s) ϭ 1, the matrix A from M n (Q(T)) is nonsingular, and we can define the matrix C as C ϭ A Ϫ1 ⅐ L, to obtain the expression
Taking into account the properties of the Lagrange interpolation polynomials and the simple formulas for the power-sum symmetric functions of x i , we have the final expressions in the form: 
It is easy to see that the coefficients c m (x, T) and con(x, T) are rational functions from the algebraic extension Q(x, T)͞Q(T)
, N)-polynomial with rational coefficients of degree at most n Ϫ 2 in N and at most n Ϫ 1 in x i T a , and rational in T n .
Multiplicative Relations.
Because all linear relations with algebraic coefficients among logarithms are reducible to linear relations with rational (integer) coefficients, it means that different classes of expressions of logarithms of individual algebraic numbers (such as or ln 2), based on the master formula, are derived from multiplicative relations between the roots of the trinomial equations. Similarly, expressions of logarithms of roots of arbitrary polynomial equations in terms of multivariable generalized hypergeometric functions, bring the important question of the nontrivial multiplicative relations between the roots of the algebraic equations. Galois group gives a good vehicle to establish (non-)existence of such relations. If, say, we restrict ourselves to the representation of logarithms of numbers from a multiplicative group M(S) of rational numbers, generated by primes from the set S, then we are trying to determine the rank of the Abelian group MR(x i ) of all multiplicative relations:
[The vectors (N i ) in these relations form a group because a product of two such multiplicative relations is yet another relation.] We leave the subject of explicit determination of the rank of MR(x i ) for another publication, and concentrate only on simplest case of S ʚ {1, 2, 3} corresponding to three logarithms: , ln 2, ln 3. To make the setting over Z(Q), we have assume that T n is a rational number, and within the radius of convergence of the hypergeometric function -
. In general, we have to distinguish between the cases S ϭ {1, p} and ͉S͉ Ͼ 2, because when S contains two primes (Ͼ1), there are infinitely many examples of trinomial equations x n Ϫ Tx s Ϫ 1 ϭ 0, giving rise to a positive rank of MR(x i ) and a representation of a linear combination of ln p for p ʦ S as a convergent series of the above-mentioned form with a rational number T n (and rational coefficients of a numerator polynomial R(N)). On the other hand, when ͉S͉ ϭ 1 (like formulas involving only or only ln 2), then for every n there are only finitely many distinct (not reducible to each other) trinomials of degree n, with rational T n and convergent series, representing ln p for S ϭ p (or representing for S ϭ {1}). This can be proved by an asymptotic analysis of the resolvents of the Galois groups of the trinomial equations. We show now how reducible equations are handled in the same framework as irreducible ones. We also show that any identity from the irreducible case can be lifted to the whole family of reducible series arising from this one (though not in an entirely trivial fashion). In this respect (and only in this) there is an infinite series of identities whose rate of convergence increases ad infinum. However, there is a little sense in using these series for rapid computations of or other constants, because the complexity of computations with these series stay the same.
To deal with a reducible case, we start with an irreducible one, corresponding to integers n and s, n Ն s Ն 0 and (n, s) ϭ 1. As before we look at roots x i ϭ x i (T) of x n Ϫ Tx s Ϫ 1 ϭ 0 for T within the area of convergence:
). There are obvious transformation formulas for x i (T) as T 3 T ⅐ n i . We can write this formula in the form
, where i Ϫ j is defined in {1, . . . , n} mod n.
Let us chose for the degree of reducibility an integer m, m Ն 2. We rely on our master formula that we apply for m values of T : T ⅐ nm j : j ϭ 0, . . . , m Ϫ 1. Choosing as before the order of roots x i (T) such that x i (T) 3 n Ϫj as T 3 0, we simply add up m copies of the master formula:
[21]
Note that the algebraic equation we are dealing with is not
As in the calculations above, we differentiate Eq. 21, applying T ϭ T ⅐ d͞dT. The discussion is identically to the one above, if one replaces the set {x i ϭ x i (T), n, s} in the expression above by {x i (T nm j ), nm, sm}. We get the expression
with the same recursion formulas for A l , B l as above. We supplement these formulas (Eq. 22) for l ϭ Ϫ1, 0, . . . by m obvious identities
To express the logarithms in terms of functions
we may restrict k to the range 0 Յ k Ͻ m ⅐ (n Ϫ 1), and obtain the general expression of the form:
and in
The existence conditions of the identities for logarithms of rational number ( including) are the same as above-they are the conditions of the existence of the multiplicative relations on roots x ␣ of
in addition to the requirement for T mn to be rational within the radius of convergence:
). Consequently, if there is an identity for logarithms of rational numbers in the case of (n, s, T), then the identity continues to exists in all reducible cases (nm, sm, T m ) : m Ն 2. We give below a rather simple list of such identities arising from a classical expression for (that one gets from arcsin(x͞2) power series expansion).
Some Identities
We present here some interesting identities for , ln 2 (or ln 3) that immediately follow from our explicit expressions and the multiplicative relations between the roots of the corresponding trinomial equations. This is not a complete list, but is rather representative in the ''irreducible'' case, because most important classes of the multiplicative relations in the case of S ϭ {1, 2, 3} are presented here.
A) Identities:
3) U ϭ Ϫ27͞16; P 1 (n) ϭ Ϫ90n Ϫ 177; C ϭ 64 ln 2 Ϫ 120; 4) U ϭ Ϫ8͞9; P 1 (n) ϭ 3575n ϩ 1999; C ϭ 1215 Ϫ 432 ln 3; 5) U ϭ 1͞2; P 1 (n) ϭ 50n Ϫ 6; C ϭ (Modified Gosper's identity); 6) U ϭ 1͞2; P 1 (n) ϭ 275n Ϫ 158; C ϭ 6 ln 2 Ϫ 135; 7) U ϭ Ϫ1͞4; P 1 (n) ϭ 17 Ϫ 728n; C ϭ 24 ln 2 ϩ 54; B) Identities:
; C ϭ 15 ln 3 ϩ 388; 3) U ϭ 3; P 2 (n) ϭ 480 Ϫ 15215n ϩ 7175n 2 ; C ϭ 40 ͌ 3 ϩ 1872; 4) U ϭ 9͞8; P 2 (n) ϭ Ϫ5692 Ϫ 6335n ϩ 5415n 2 ; C ϭ 576 ln 2 Ϫ 288 ͌ 3 Ϫ 324; 5) U ϭ 9͞8; P 2 (n) ϭ Ϫ7514 Ϫ 1145n Ϫ 18050n 2 ; C ϭ 576 ln 2 Ϫ 1008 ͌ 3 Ϫ 7587; 6) U ϭ Ϫ1; P 2 (n) ϭ 51406 Ϫ 196341n ϩ 246323n 2 ; C ϭ Ϫ720 ln 2 Ϫ 7278; 7) U ϭ Ϫ1͞8; P 2 (n) ϭ 113930 Ϫ 482295n ϩ 769825n 2 ; C ϭ 2880 ln 2 Ϫ 9354; D) Identities:
; C ϭ 1080 ln 2 ϩ 99 Ϫ 882; 
; C ϭ Ϫ73920 ln 2 Ϫ 382391; F) Known identity: 
Some Diophantine Applications
One can convert rapidly convergent series given above into sequences of rational approximations to corresponding logarithms these series represent. For this one should use Padé approximations of the second kind to generalized hypergeometric functions described in detail in ref. 11 . As an example we use the case Eq. 3 on the Schwarz list, with contiguous hypergeometric functions representing both and ln 2. In this case we take a function f͑z͒ ϭ There are interesting polylogarithmic extensions of all identities above, derived by integrating the master formula. For example, there is a natural counterpart to pair 5)-6) in A), section 6 of cubic trinomial identities given above, that expresses and ln 2. This is a tri-logarithm identity involving the Catalan constant G and (3): With great pleasure we acknowledge illuminating inputs from R. Askey and W. Gosper.
